The buckling of a stiff film on a compliant substrate has attracted much attention due to its wide applications such as thin-film metrology, surface patterning and stretchable electronics. An analytical model is established for the buckling of a stiff thin film on a semi-infinite elastic graded compliant substrate subjected to in-plane compression. The critical compressive strain and buckling wavelength for the sinusoidal mode are obtained analytically for the case with the substrate modulus decaying exponentially. The rigorous finite element analysis (FEA) is performed to validate the analytical model and investigate the postbuckling behaviour of the system. The critical buckling strain for the period-doubling mode is obtained numerically. The influences of various material parameters on the results are investigated. These results are helpful to provide physical insights on the buckling of elastic graded substrate-supported thin film.
Introduction
Buckling has been historically viewed as a typical mechanism for structural failure and should be avoided in most engineering designs. However, the pioneering work of Bowden et al. [1] showed that buckling can be controlled in the system of a stiff thin film on a compliant substrate to generate well-defined surface patterns and has found important applications in stretchable electronics [2, 3] , curvilinear electronics [4, 5] , tunable phase optics [6, 7] , micro-and nano-metrology methods [8, 9] , and pattern formation for micro/nanofabrication [10, 11] , etc. The above applications have motivated much effort to reveal the underlying mechanism behind the buckling of a stiff thin film on a compliant substrate [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . Most of these studies assume a homogeneous substrate. However, many practical systems, such as human skins, poly(dimethylsiloxane) (PDMS) exposed to UV/ozone treatment and hydrogels with graded cross-linking density, have an elastic graded substrate. To date, although there are some studies on the surface instability of elastic graded substrate [26] [27] [28] , only a few studies are on the buckling of film/substrate system with the elastic graded properties of substrate. For example, Jia et al. [29] developed a semi-analytical finite element model to determine the critical buckling strain and wavelength for an elastic graded compliant cylinder covered by a stiff thin film. Cao et al. [30] derived the critical condition for the buckling of a stiff thin film on a semi-infinite substrate with two typical variations in the substrate modulus along the depth direction: power-law grading modulus and exponential grading modulus. Although these two grading moduli permit to obtain closed-form solutions, they may not be realistic because the power-law grading modulus gives zero modulus at the surface and the exponential grading modulus approaches to infinity or zero as the depth goes to infinity. This paper aims to develop an analytical model to study the buckling of a stiff thin film on a semi-infinite elastic graded compliant substrate with material properties varying in thickness direction subjected to in-plane compression. The rigorous finite element analysis (FEA) is carried out to validate the analytical predictions and to investigate the postbuckling behaviour of the system. Figure 1 shows the schematic diagram of the system consisting of a stiff thin film on a semi-infinite elastic graded substrate subjected to in-plane compression ε. The Cartesian coordinate system is established with the origin O located at the film/substrate interface, x-axis and y-axis along the length and depth directions, respectively. The film is linear elastic with the Young's modulus denoted by E f and Poisson's ratio by ν f . The substrate has a depth-dependent Young's modulus E s (y) and a constant Poisson's ratio ν s .
Initial buckling analysis
When the in-plane compression ε is small, the thin film remains flat. Once ε exceeds a critical value ε c , the film buckles to form a sinusoidal wave characterized by the in-plane displacement u f (x) and the out-of-plane displacement w f (x). The thin film can be modelled as a beam, which satisfies the equilibrium equations [30, 31] 
and
is the plane-strain modulus of the thin film, σ n and τ s are the normal and shear tractions at the film/substrate interface, respectively. For the plane strain elastic graded substrate, Plevako [32] derived the equilibrium equation as of the compression ε on the substrate deformation is ignored due to its small magnitude of value. The displacements and stresses in the substrate are given by
For a sinusoidal buckling w f = A f cos(kx) with A f as the wave amplitude and k as the wavenumber, the auxiliary function takes the form of
such that the displacement and traction continuity conditions at the film/substrate interface could be satisfied. From equation (2.6), σ n and τ s should take the form of σ n = σ cos(kx) (2.8) and τ s = τ sin(kx), (2.9) where σ and τ are the amplitudes of the normal and shear tractions at the film/substrate interface. The substitution of L in equation (2.7) into equation (2.3) yields a fourth-order nonlinear differential equation as
The displacements and stresses in the substrate are given by
and The traction continuity, i.e. −σ y (x, y = 0) = σ n and −τ xy (y = 0) = τ s , at the film/substrate interface requires
14)
The displacement continuity requires u f (x) = u s (x, y = 0) and w f (x) = w s (x, y = 0). Equations (2.1) and (2.2) then become
The substitution of equation (2.14) into equations (2.15) and (2.16) gives
The free tractions at y = ∞ require σ y (y = ∞) = 0 and τ xy (y = ∞) = 0, i.e.
The fourth-order differential equation in equation (2.10), combined with the boundary conditions in equations (2.17)-(2.19), leads to an eigenvalue problem for the compressive strain ε and the wavenumber k, which can be solved numerically using MATLAB to give the critical buckling strain ε c and the corresponding buckling wavenumber k c .
Finite element analysis
A finite element model is established to investigate the nonlinear buckling behaviour of a stiff thin film on an elastic graded substrate. The depth-dependent modulus of the elastic graded substrate is realized through a linear temperature-dependent modulus followed by setting the temperature distribution same as that of modulus in the substrate without thermal expansion in ABAQUS [28, 33] . The four-node plane-strain element (CPE4R) and the two-node beam element (B21) are used to discretize the substrate and film. To ensure the convergence and speed of FEA, a very fine mesh (approx. 1/10 film thickness) is adopted near the film/substrate interface and the element size is increased with the increase of the distance from the free surface. To eliminate the effects of boundaries, the length of the model is typically more than 30 times the buckling wavelength.
The critical buckling strain and wavelength are determined using the Buckling function in ABAQUS. The first buckling mode is then used as initial small geometric imperfection to trigger the buckling of the system in the postbuckling analysis using a pseudo-dynamic solution method [34] . To ensure the convergence, the magnitude of the geometric imperfection is 0.1% of the film thickness. 
Results and discussion
We take the elastic graded substrate with a realistic exponential varying Young's modulus (a good approximation for PDMS exposed to UV/ozone treatment [35] )
as an example to illustrate our approach, which is applicable for any form of varying modulus.
Here, E s0 is the surface modulus of the substrate, a represents the decay rate, which is the reciprocal of the decay length of the modulus and b denotes the ratio of surface modulus to that at the location far away from the free surface. Figure 2 shows a typical variation of the modulus by equation (4.1). As the depth increases, the Young's modulus decays exponentially from E s0 to bE s0 . The substitution of equation (4.1) into equation (2.10) yields the following fourth-order differential equation as
where
. The boundary conditions in equations (2.17) and (2.18) then become
The boundary conditions φ(∞) = 0 and φ (∞) = 0 in equation (2.19) are still valid. By a dimensional consideration, the critical buckling strain depends on five dimensionless parameters and can be written as 
and various values of ah f . The critical normalized buckling wavelength for the sinusoidal mode versus the modulus ratio b with (d) E f /E s0 = 100, (e) E f /E s0 = 500, (f ) E f /E s0 = 10 4 and various values of ah f .
Similarly, the normalized buckling wavelengthλ c = λ c /h f = 2π/(k c h f ) also depends on five dimensionless parameters and can be written as
To clearly demonstrate the influences of the varying Young's modulus, which is the focus of this paper, the Poisson's ratios of the substrate and film are set as ν s = ν f = 0.3 in the calculations below. The critical buckling strain and the normalized buckling wavelength then depend on only three-dimensionless parameters: E f /E s0 , ah f and b. Figure 3 shows the critical buckling strain ε c and the normalized buckling wavelengthλ c versus the modulus ratio b with various values of ah f and E f /E s0 . The predictions from the analytical model are denoted by the solid line, while those from FEA are denoted by the solid dot. The good agreement between the analytical predictions and FEA validates the analytical model. The critical buckling strain ε c increases with the increase of b as shown in figure 3a-c, while the normalized buckling wavelengthλ c decreases with the increase of b as shown in figure 3d-f. As b approaches to 1, which corresponds to a homogeneous substrate, the critical buckling strain and the normalized buckling wavelength become ε c = (3Ē s0 /Ē f ) 2/3 /4 andλ c = 2π (3Ē s0 /Ē f ) −1/3 , which depend only on the plane strain modulus ratio of the substrate to the film. Figure 3a -c also shows the effects of the normalized decay rate ah f and modulus ratio E f /E s0 on the critical buckling strain ε c . The critical buckling strain ε c increases with the decreases of ah f and E f /E s0 , i.e. the elastic graded substrate with a slow decay rate or a small surface modulus are helpful to increase the critical buckling strain. Figure 3d -f shows the influences of the normalized decay rate ah f and modulus ratio E f /E s0 on the normalized buckling wavelength. The normalized buckling wavelengthλ c increases with the increase of E f /E s0 . The influence of ah f onλ c is much more complicated. For a small b, the buckling wavelength increases with the decrease of ah f , while for a large b, no conclusions can be obtained.
It is observed that the curves for the critical buckling strain or the buckling wavelength versus b are not smooth for small values of ah f and E f /E s0 , as shown in figure 3 . This abnormal phenomenon is interesting and it indicates that a small change of b at the non-smooth point may induce very different results. For example, when b changes 0.53% from 0.019 to 0.018 with ah f = 0.05 and E f /E s0 = 10 2 , the normalized buckling wavelength changes 3400% from 22 to 771, as shown in figure 3d . A possible reason for this abnormal phenomenon is the occurrence of mode jump, which induces a dramatic change in the buckling wavelength. Figure 4 shows the critical buckling strain ε c and the normalized buckling wavelengthλ c versus the modulus ratio E f /E s0 with various values of ah f and b. The same conclusions as those from figure 3 can also be obtained from figure 4. For example, the critical buckling strain ε c increases with the increase of b and the decreases of ah f and E f /E s0 . The buckling wavelength λ c increases with the increase of E f /E s0 and the decrease of b. The influence of ah f onλ c is much more complicated. For a small E f /E s0 , the buckling wavelength increases with the decrease of ah f, while for a large E f /E s0 , no conclusions can be obtained. Figure 5 shows the morphology evolution of the postbuckling for a stiff thin film on an elastic graded substrate under the in-plane compression with E s = E s0 [(1 − 0.1)e −10y + 0.1], E f /E s0 = 100, ν s = ν f = 0.3, and h f = 0.1 from FEA. The critical buckling strain is determined to be ε c = 0.63%. When the compressive strain is smaller than the critical buckling strain, i.e. ε < ε c , no buckling occurs and the thin film remains flat, as shown in figure 5a. As the compression increases to exceed the critical buckling strain, i.e. ε > ε c , the film buckles into a sinusoidal mode, as shown in figure 5b. With the further increase of the compression, the sinusoidal wavelength decreases, while the amplitude increases to accommodate the compression, as shown in figure 5c. Once the compression exceeds some critical value, the sinusoidal mode evolves into period-doubling mode, as shown in figure 5d,e. This critical compression value is defined as the critical buckling strain for the period-doubling mode, denoted by ε pc . Figure 6 shows the evolution of the postbuckling wavelength λ, defined as the distance along the x direction between the two adjacent peaks or valleys, as shown in figure 6a , and amplitude A, defined as the distance along y direction between the adjacent peak and valley, as shown in figure 6b, normalized by the film thickness h f as the compressive strain increases with E s = E s0 [(1 − 0.1)e −10y + 0.1], E f /E s0 = 100, ν s = ν f = 0.3, and h f = 0.1. The bucked profile before the occurrence of period-doubling can be written via the out-of-plane displacement w = A/2 cos((2π/λ)x). Based on the simple accordion bellows mechanics, the postbuckling wavelength can be obtained by λ = λ c (1 − ε) [36, 37] . The small strain in thin film in postbuckling [14, 24, 36] Once the period-doubling mode occurs (at point B on the curves), the postbuckling wavelength and amplitude deviate from the analytical predictions, which gives the critical buckling strain around 16.5% for the period-doubling mode. The critical buckling strain ε pc for the period-doubling mode can be obtained via the evolution of postbuckling wavelength and amplitude. Another way to find ε pc is to investigate the strain evolution at some critical locations such as the peak and valley. Figure 7 shows the strain ε xx at the valley on the substrate surface (the point P) versus the compressive strain with E s = E s0 [(1 − 0.1) e −10y + 0.1], E f /E s0 = 100, ν s = ν f = 0.3, and h f = 0.1. As the compressive strain increases, ε xx decreases smoothly at first and then increases at the critical point B corresponding to the occurrence of the period-doubling. The critical buckling strain for the period-doubling mode 
and various values of ah f .
is then obtained as 16.5%, which agrees with the one obtained via the postbuckling wavelength and amplitude. By a dimensional consideration, the critical buckling strain ε pc for the period-doubling mode takes the same form of equation (4.5). For ν s = ν f = 0.3, ε pc = ε pc (E f /E s0 , ah f , b). Figure 8 shows the critical buckling strain ε pc versus the modulus ratio b with various values of ah f and E f /E s0 . The critical buckling strain ε pc increases with the increases of b and ah f . The dependence of ε pc on the modulus ratio E f /E s0 is small. For example, as the E f /E s0 increases from 100 to 500, the critical buckling strain ε pc only changes 6% from 16.5 to 17.5% with b = 0.1 and ah f = 1.
Conclusion
An analytical model, validated by FEA, is established for the buckling of a stiff thin film on a semi-infinite elastic graded compliant substrate subjected to in-plane compression. The critical compressive strain and buckling wavelength for the sinusoidal mode are obtained analytically for the case with the substrate modulus decaying exponentially from the top surface. The rigorous FEA is carried out to study the postbuckling behaviour and obtain the critical buckling strain for the occurrence of the period-doubling mode. The influences of various parameters, including the modulus ratio of the film to the substrate and the substrate constitutive relation on the critical buckling strain and wavelength, are systematically investigated. These results are useful to provide insights on the buckling of substrate-supported thin film and may find applications in many fields such as thin-film metrology, surface patterning and stretchable electronics.
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